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ABSTRACT
The luminosity of accreting magnetised neutron stars can largely exceed the Eddington
value due to appearance of accretion columns. The height of the columns can be
comparable to the neutron star radius. The columns produce the X-rays detected by
the observer directly and illuminate the stellar surface, which reprocesses the X-rays
and causes additional component of the observed flux. The geometry of the column and
the illuminated part of the surface determines the radiation beaming. Curved space-
time affects the angular flux distribution. We construct a simple model of the beam
patterns formed by direct and reflected flux from the column. We take into account
the possibility of appearance of accretion columns, whose height is comparable to the
neutron star radius. We argue that depending on the compactness of the star the
flux from the column can be either strongly amplified due to gravitational lensing, or
significantly reduced due to column eclipse by the star. The eclipses of high accretion
columns result in specific features in pulse profiles. Their detection can put constraints
on the neutron star radius. We speculate that column eclipses are observed in X-ray
pulsar V 0332+53, leading us to the conclusion of large neutron star radius in this
system (∼ 15 km if M ∼ 1.4M). We point out that the beam pattern can be strongly
affected by scattering in the accretion channel at high luminosity, which has to be
taken into account in the models reproducing the pulse profiles.
Key words: pulsars: general – scattering – magnetic fields – radiative transfer –
stars: neutron – X-rays: binaries
1 INTRODUCTION
X-ray pulsars (XRPs) are X-ray sources powered by accre-
tion onto highly-magnetized neutron stars (NS) in binary
systems. The magnetic field strength at the NS surface in
these objects is typically & 1012 G (Walter et al. 2015). Such
a strong magnetic field affects geometry of accretion flow and
the fundamental properties of interaction between radiation
and matter (Harding & Lai 2006; Potekhin 2014; Mushtukov
et al. 2016), which shapes the basic properties of XRPs. The
magnetic field was shown to be dominated by a dipole com-
ponent in a few XRPs (Tsygankov et al. 2016), however in
some cases there is an evidence of strong non-dipole compo-
nents of the field (Tsygankov et al. 2017). The magnetic field
channels the accretion flow to small areas (∼ 1010 cm2) on
? E-mail: al.mushtukov@gmail.com (AAM)
the NS surface, where the material loses its kinetic energy,
which is emitted mostly in X-ray energy band. Misalignment
of rotational and magnetic axis results in the phenomenon
of X-ray pulsations.
The geometry of the emitting region is defined by
the magnetic field structure and the mass accretion rate.
The accretion process results in hot spots (or low accre-
tion mounds of height . 100 m, see e.g. Mukherjee et al.
2013a,b) on the NS surface at relatively low mass accre-
tion rates (. 1017 g s−1). However, at high mass accretion
rates the radiation pressure becomes strong enough to stop
accretion flow above NS surface (Mushtukov et al. 2015b),
which leads to appearance of accretion columns (this crit-
ical luminosity has been recently detected by Doroshenko
et al. 2017). The material is stopped at the top of accre-
tion column at a radiation dominated shock and then set-
tles down to the NS surface. The matter in accretion col-
c© 2017 The Authors
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umn is confined by the strong magnetic field. Moreover, the
strong magnetic field can significantly reduce the scattering
cross section (Herold 1979; Mushtukov et al. 2016) which
determines the radiation pressure. Under these conditions
the system can produce a luminosity well above the Edding-
ton limit, which is LEdd ' 2× 1038 erg s−1 for a typical NS.
This concept can explain ultraluminous XPRs (Mushtukov
et al. 2015a), whose luminosity is detected to be as high as
1040 − 1041 erg s−1 (Bachetti 2014; Israel 2017a,b).
The geometry of the emitting regions affects the ob-
servational manifestations of X-ray pulsars: their spectral
(Mushtukov et al. 2015; Poutanen et al. 2013; Postnov et al.
2015) and timing properties (Lutovinov et al. 2015). Particu-
larly, the geometry defines the radiation beam pattern and,
therefore, the observed pulse profiles (Gnedin & Sunyaev
1973). The observational manifestation can also be affected
by the accretion flow at the magnetospheric surface, which
tends to be optically thick at extremely high mass accretion
rates & 1020 g s−1 (Mushtukov et al. 2017).
NSs are extremely compact objects, whose radius ex-
ceeds the gravitational radius rs = 2GM/c
2 by a factor of
few only, and they strongly affect the space-time geometry
in their vicinity. Thus, the effects of general relativity (GR)
have to be taken into account in order to reconstruct the
observational properties of XRPs. Typical XRPs are slowly
rotating objects with spin period above 1 second (e.g. Wal-
ter et al. 2015). In this case the curved space-time is well
described by the Schwarzschild metric.
Previously, pulse profiles affected by GR effects were
constructed for the case of hot spots on the NS surface
(Pechenick et al. 1983; Poutanen & Beloborodov 2006; An-
nala & Poutanen 2010), which is valid for low mass accretion
rates. The pulse profiles at high but still sub-critical mass ac-
cretion rates can be affected by the non-trivial initial beam
pattern due to the scattering in the accretion channel (Basko
& Sunyaev 1975) and asymmetry of its base (Kraus et al.
1995).
Formation of a beam pattern for the case of accre-
tion columns at high mass accretion rates was also con-
sidered (Mitrofanov & Tsygan 1978; Riffert & Meszaros
1988; Kraus 2001), but the columns were assumed to be
small (H < 1 km). However, it was recently shown that the
columns above magnetized NSs can be as high as the NS ra-
dius (∼ 10 km, see e.g. Poutanen et al. 2013). It also was ig-
nored in theoretical models that the radiation intercepted by
NS surface is reprocessed (reflected) and contributes to the
total observed flux (though, the reprocessed component was
mentioned in the interpretation of the decomposed X-ray
signal from bright XRPs V 0332+53 and 4U 0515+63, see
e.g. Sasaki et al. 2012). It is important to note that the total
X-ray flux can even be dominated by reflected component
within certain range of super-critical accretion luminosities
(Poutanen et al. 2013; Lutovinov et al. 2015).
In this paper we construct a simplified model which de-
scribes beaming of the X-ray flux from super-critical XRPs,
where the initial photon energy flux originates from the ac-
cretion column. The total flux is composed of direct flux
from the column and the reflected signal from the NS sur-
face. GR effects results in strong light bending and in lens-
ing of X-ray flux from the accretion column by the NS. The
lensing might result in a very high photon energy flux in
directions opposite to the accretion columns. It is interest-
ing that accretion columns of sufficient height cannot be
completely eclipsed by the NS because of GR light bend-
ing. The possibility of the eclipses is defined by accretion
column height, which depends on the mass accretion rate
and B-field strength, and compactness of a NS. We argue
that the eclipsing manifests itself by a sharp dip in the X-
ray pulse profile and that its detection at a certain accretion
luminosity provides an upper limit on NS compactness (or
a lower limit on NS radius for a given NS mass).
We also point out that in the case of high mass accre-
tion rate the accretion flow at the magnetospheric surface
tends to be optically thick (Syunyaev 1976) and can influ-
ence the beam pattern, especially along the magnetic field
axis. At extremely high mass accretion rates typical for the
recently discovered pulsating ULXs (Bachetti 2014; Israel
2017a,b) the accretion flow at the magnetospheric surface
forms an optically thick envelope, which shapes the observed
pulse profiles (Mushtukov et al. 2017). We discuss the influ-
ence of the magnetospheric accretion flow and show that it
can dramatically change the observational manifestation of
super-critical XRPs.
2 BASIC IDEAS
We consider a spherically symmetric magnetized NS of mass
M and radius R with a geometrically thin accretion column
above its surface (see Fig. 1). The height of the accretion col-
umn H depends on the mass accretion rate M˙ and can be
comparable to the NS radius (Basko & Sunyaev 1976; Mush-
tukov et al. 2015a). The radiation of the accretion column
is beamed towards the NS surface due to photon scattering
by fast electrons at the edge of accretion channel (Kaminker
et al. 1976; Lyubarskii & Syunyaev 1988). Thus, the NS in-
tercepts a significant fraction of the total luminosity of the
accretion column (Poutanen et al. 2013). The fraction of the
intercepted radiation is even higher if one takes into account
effects of GR (light bending). The intercepted radiation is
reprocessed (reflected) by the NS surface and contributes
to the total flux of the object. As a result, the photon flux
from a source is composed of direct flux from the accretion
column and flux reflected by the atmosphere of NS.
Accreting material forms an envelope around the NS
located at the surface of magnetosphere. The mechanism of
opacity in the envelope depends on its local temperature and
mass density. The envelope can be optically thick in a regions
close to NS magnetic poles. At sufficiently high accretion
luminosity (typical to recently discovered pulsating ULXs,
∼ 1040 erg s−1) the envelope is optically thick everywhere
and fully reprocesses the initial radiation from the central
object (Mushtukov et al. 2017).
The magnetic field of a NS is considered to be domi-
nated by dipole component, which is likely a case for classi-
cal XRPs (see Tsygankov et al. 2016).
2.1 Accretion luminosity and accretion column
height
The geometry of accretion channel and accretion column
are defined by the magnetic field structure and radius of NS
magnetosphere
Rm = 2.5× 108ΛB4/712 L−2/737 M1/71.4 R10/76 cm, (1)
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where Λ < 1 is a constant with Λ = 0.5 being a commonly
used value for the case of accretion from a disc (Lai 2014),
B12 = B/10
12 G is the magnetic field strength at the NS
surface, L37 = L/10
37 erg s−1 is the accretion luminosity,
M1.4 = M/(1.4M) is the NS mass, ans R6 = R/106 cm is
the NS radius. The radius of the base of accretion channel
can be roughly estimated as
rb ' R
(
R
Rm
)1/2
' 6.3× 104 Λ−1/2B−2/712 L1/737 M−1/141.4 R11/146 cm.(2)
The relation between accretion column height and luminos-
ity is defined by the accretion channel base geometry and
opacity across B-field lines κ⊥, which depends on magnetic
field strength. There is an approximate relation between col-
umn height and luminosity (Mushtukov et al. 2015a):
L ≈ 38
(
l0/d0
50
)(
κT
κ⊥
)
f
(
H
R
)
LEdd, (3)
where
f
(
H
R
)
≡ log
(
1 +
H
R
)
− H
R+H
, (4)
l0 ∼ 2pirb ∼ 5× 105 cm and d0 ∼ 103− 104 cm are geometri-
cal length and thickness of the accretion channel at the NS
surface and κT ≈ 0.34 cm2 g−1 is the opacity due to non-
magnetic Compton scattering. The height where the shock
wave arises varies within the accretion channel (Lyubarskii
& Syunyaev 1988). As a result, the geometrical thickness of
a sinking region x is given by
x
d/2
=
(
1− h
H
R+H
R+ h
)1/2
(5)
and the optical thickness of the free-fall region due to the
Thomson scattering can be estimated as
τff =
1.7× 105
l0
L37
βff
(
1− x
d/2
)
, (6)
where βff = vff/c < 1 is the dimensionless free-fall veloc-
ity. We see that the optical thickness depends on the mass
accretion rate (or accretion luminosity) and height above
NS surface. For given mass accretion rate, τff ∝ 1/l0. Large
optical thickness of the free-falling region results in strong
beaming of the X-ray radiation from accretion column walls
(Kaminker et al. 1976; Lyubarskii & Syunyaev 1988; Pouta-
nen et al. 2013).
2.2 Problem in a flat space-time
2.2.1 Point source above NS surface
Lets consider the simplified problem of an isotropic point
source of total luminosity Lps located at a height h above
the NS surface. The space-time is considered to be flat in
this section. Then the incoming photon energy flux Fin at
the NS surface is given by
Fin(θB) =
(
Lps
4piD(θB, h)2
)
cosαin(θB, h), (7)
where
D(θB, h) =
√
h2 + 2R(R+ h)(1− cos θB)
Figure 1. The scheme of super-critical accreting NS illuminated
by accretion column of height H. The observer detects the X-
ray photon energy flux directly from the columns and the flux
reflected by the NS surface. The composition of the two compo-
nents defines the observed variability of a source.
is a distance from the point source to the point at the NS
surface defined by latitude θB in B-field reference frame (see
Fig. 2) and
cosαin =
h cos θB −R(1− cos θB)
D
defines the angle between local normal to the NS surface
and photon momentum (see Fig. 1). The incoming flux is
reprocessed by the NS surface and emitted back in to space.
In a stationary model the local incoming photon energy flux
is equal to the local emitted flux:
Fin(θB) = 2pi
pi/2∫
0
dα0Iout(θB, α0) cosα0 sinα0, (8)
where Iout(α0) is the intensity of the reflected radiation, and
α0 is the angle between the local normal to the NS surface
and the photon momentum (see Fig. 1). If the intensity of
the reflected radiation does not depend on α0, we get
Fin(θB) = piIout(θB).
Integrating over the visible part of the NS surface, we get the
photon energy flux, which is detected by a distant observer
from the surface of the illuminated NS:
Fobs,sur ∝
2pi∫
0
dϕ0
pi/2∫
0
dθ0 sin θ0 cos θ0I(θ0, ϕ0, α0), (9)
where θ0 and ϕ0 are coordinate angles at the NS surface
in the observer reference frame (see Fig. 2). In case of flat
space-time α0 = θ0 and
I(θ0, ϕ0, α0) = Iout(θB, α0). (10)
MNRAS 000, 1–13 (2017)
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Figure 2. The coordinate angles in the observer’s (θ0 and ϕ0)
and B-field reference frames (θB). ξ is the angle between the line
of sight, which is aligned with z-axis, and the B-field axis.
The latitude θB at the NS surface in the B-field reference
frame can be obtained from coordinates in the observer’s
reference frame by the relation
cos θB = sin ξ sinϕ0 sin θ0 + cos ξ cos θ0, (11)
where ξ is the angle between the magnetic field axis and the
line of sight (see Fig. 2).
In case of a non-isotropic but axisymmetric distribution
of the photon energy flux from the point source, the equation
(7) should be rewritten in a more general form:
Fin(θB) =
(
Lpsf(φ)
4piD(θB, h)2
)
cosαin(θB, h), (12)
where function f(φ) describes the angulal distribution
of radiation, and φ is the angle between the direction
from point source to NS center and photon momentum.
The distribution function f(φ) satisfies the normalization:
2pi
∫ pi
0
dφf(φ) sinφ = 1.
2.2.2 Radiation from the accretion column
The accretion column is an extended source of X-ray radi-
ation defined by its height H, the size of its base, and the
distribution of the emitted flux over height and directions.
Let us use a function which describes the angular dis-
tribution of the emitted power: dL(φ)
dφ
, which is normalized
by
pi∫
0
dφ
dL(φ)
dφ
= Ltot.
In case of a point source and flat space-time the flux distri-
bution over the surface is
Fin(θB) =
(
dL(φ)/dφ
2pi sinφD(θB, h)2
)
cosαin(θB, h), (13)
where φ = αin − θB. Further it would be convenient to use
β=0
β=0.2
β=0.4
β=0.6
f φ
φ, deg
0
0.2
0.4
0.6
0.8
1
1.2
0 30 60 90 120 150 180
Figure 3.Normalized distribution of radiation over the directions
fφ at the accretion column wall. Different curves are given for
different dimensionless velocities β = 0 (solid black), 0.2 (dashed
red), 0.4 (dotted blue) and 0.6 (dashed-dotted green). One can
see that the radiation is strongly beamed towards NS surface in
case of high β.
another normalization for the angular distribution of emit-
ted power:
fφ ≡ dL(φ)/dφ
Ltot
, (14)
then the normalization is
∫ pi
0
dφfφ = 1. The angular distri-
bution of emitted power is defined by the velocity of the
accretion flow at the edges of the accretion channel β = v/c
at given height:(
dL
dφ
)
=
I0 sin
2 φ
γ5(1− β cosφ)4
(
1 +
pi
2
sinφ
γ(1− β cosφ)
)
, (15)
where I0 is a normalization constant and γ ≡ (1 − β2)−1/2
(Poutanen et al. 2013). Because
pi∫
0
I0 sin
2 φ
(
1 + pi
2
sinφ
γ(1−β cosφ)
)
dφ
γ5(1− β cosφ)4 =
7piI0
6
, (16)
the normalized angular power distribution is given by (see
Fig. 3)
fφ =
6 sin2 φ
(
1 + pi
2
sinφ
γ(1−β cosφ)
)
7piγ5(1− β cosφ)4 . (17)
The velocity at the edges of accretion channel is likely close
to the local free fall velocity β ' βff = (rs/(R + h))1/2 (see
e.g. Lyubarskii & Syunyaev 1988).
The distribution of emitted power over the height in
accretion column is given by
g(h) ≡ dLacc(h)
dh
,
H∫
0
dh g(h) = Lacc, (18)
where Lacc is the total luminosity of the accretion column.
The exact distribution of emitted power over the height is
provided by models of accretion column. In this paper we
use the distribution described by
g(h) ∝ 1
R+H
H − h
R+ h
, (19)
MNRAS 000, 1–13 (2017)
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which was derived for accretion columns in a diffusion ap-
proximation (Mushtukov et al. 2015a). Because the accre-
tion column can be considered as a set of point sources of
luminosity g(h)dh and the distribution of incoming photon
energy flux over the surface can be calculated as
Fin(θB) ∝
H∫
hmin
dh
(
fφ(φ(θB, h))g(h)
2piD(θB, h)2 sinφ(θB, h)
)
cosαin(θB, h),
(20)
where hmin is the minimal accretion column height con-
tributing to the flux at the latitude θB (hmin = R(1 −
cos θB)/ cos θB in the case of flat space-time). As soon as
we know the flux distribution over the NS surface, we can
calculate the reflected flux which is detected by a distant
observer (see eq. (9)).
Using the luminosity distribution over the column
height and the local angular power distribution we get the
flux which is detected by the observer directly from the ac-
cretion column:
Fobs,col ∝ 1
2pi sinφ′
H∫
hmin
dhfφ(φ
′) g(h), (21)
where the integration performed over the visible part of a
column, φ′ = ξ or φ′ = pi − ξ depending on the orientation
of given accretion column. Note that the visible parts are
generally different for two accretion columns (for example,
one accretion column can be totally visible, while the other
is partly or totally eclipsed by NS).
2.3 Effects of general relativity
The photon propagation in the vicinity of a NS is affected
by the gravitational field. In order to take the effects of
GR into account we consider photon propagation in the
Schwarzschild metric, which corresponds to a non-rotating
central object. This approximation is valid for XRPs, whose
spin periods P are typically about a few seconds or longer.
The photon trajectories in case of the Schwarzschild met-
ric are described by the differential equation (Misner et al.
1973):
d2u
dϕ2
+ u = 3u2, (22)
where u ≡ 0.5 rs/r, r is the radial coordinate of the photon,
and ϕ is the angle between the photon momentum and the
radius vector directed from the NS center to the current po-
sition of the photon. Equation (22) can be solved numerically
for given initial location r0 (which gives u0) and momentum
of a photon (which gives (du/dϕ)0 = −u0/ tanα, where α is
the angle between radius-vector and photon momentum).
2.3.1 The direct photon energy flux from the accretion
column and illumination of the NS surface
The photon energy flux detected by a distant observer di-
rectly from the accretion column is affected by the initial
radiation beaming at the edge of the column walls, gravi-
tational light bending and orientation of the NS in the ob-
server’s reference frame because the photons from the accre-
tion column can be intercepted by the NS and the accretion
column can be partly or totally eclipsed by the NS.
The observed photon flux from the visible part of the
accretion column is given by
F
(GR)
obs,col ∝
1
2pi
H∫
hmin
dh
g(h)fφ(φ
′)
sinφ′
, (23)
where hmin is the minimum height of a point above the NS
surface, which is not eclipsed by the NS in a given orien-
tation in the observer’s reference frame (if hmin > H, then
F
(GR)
obs,col = 0), the angle φ
′ depends on height h and orienta-
tion of a NS described by angle ξ (see Fig. 2):
cosφ′ ' ± rs
R+ h
+
(
1− rs
R+ h
)
cos ξ,
where the sign on the right hand side of the equation depends
on the accretion column considered: the one in the front of
the NS or the one on the back side of the NS in the observer’s
reference frame.
The photon energy flux Fin which is intercepted and re-
processed by the NS surface at given latitude θB is given by
equation (20), where angles αin and φ should be recalculated
to take into account light bending. We recalculated the an-
gles numerically, but one can use the approximate relations:
sinαin = sinφ
R+ h
R
√
1− rs/R
1− rs/(R+ h) , (24)
cosφ =
rs
R+ h
+
(
1− rs
R+ h
)
cosψ, (25)
cosαin =
rs
R
+
(
1− rs
R
)
cos(ψ + θB), (26)
where the angle ψ defines the direction of photon momen-
tum at the infinity. These approximate expressions for the
angles αin, φ and φ
′ are based on approximations proposed
by Beloborodov (2002), which are not very accurate for NSs
of extreme compactness. In our case we use numerical solu-
tions of the differential equation (22) in order to get accurate
values of the angles.
2.3.2 Photons from the NS surface
Because of curved photon trajectories, the observer can de-
tect photons originating from more than half the NS surface.
The maximum observed latitude in the observer’s reference
frame θ0,max ≥ pi/2 (see Fig. 2) can be roughly estimated as
θ0,max ' arccos
(
−rs
R
(1− rs/R)−1
)
, (27)
which gives θ0,max ∼ 136◦ and corresponds to ∼ 86 per cent
of the total NS surface for a NS of mass M = 1.4M and
radius R = 10 km.
The photons which can be detected by the observer from
latitude θ0 (see Fig. 2) are emitted from the NS surface in a
direction given by angle α0 (see Fig. 1). One can get the ap-
proximate relation between α0 and θ0 (Beloborodov 2002):
cosα0 ' rs
R
+
(
1− rs
R
)
cos θ0, (28)
MNRAS 000, 1–13 (2017)
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Figure 4. The distributions of photon energy flux over the NS
surface illuminated by an accretion column of height H = 0.1R
(black solid line), 0.5R (red dashed line) and 0.9R (blue dotted
line). The distribution of the initial photon energy flux over height
in the accretion column is taken to be uniform. Parameters: M =
1.4M, R = 10 km.
where θ0 < θ0,max Then the observed flux from the NS sur-
face can be obtained by integration over the visible part of
the NS:
F
(GR)
obs,sur ∝
2pi∫
0
dϕ0
θ0,max∫
0
dθ0 sin θ0 cosα0Iout(θ0, ϕ0, α0),
(29)
where ϕ0 is the longitude on the NS surface in the observer’s
reference frame and the intensity of the radiation emitted in
a given direction Iout is defined by the local incoming photon
flux from the accretion column. In our numerical calculations
the intensity of the reprocessed radiation at the NS surface is
taken to be constant at every α0 < pi/2. This does not affect
the qualitative results, but it would be necessary to include
the actual angular distribution of intensity in order to get
accurate predictions for the shape of the pulse profiles. The
law of X-ray reflection can strongly dependent on photon
energy, polarization state, local strength and direction of
the B-field. This problem is beyond the scope of this paper.
3 INFLUENCE OF THE ACCRETION
CURTAIN
The accreting matter, which is moving along magnetic field
lines from accretion disc to the NS surface, can affect the
observed X-ray flux due to absorption and scattering pro-
cesses in it (Syunyaev 1976). The optical thickness of the
envelope is determined by the mass accretion rate and the
mechanism of opacity.
Kramers’ opacity is defined by the mass density ρ of the
accretion flow and its temperature Tg. For the case of pure
hydrogen Kramers’ opacity is given by
κa = 0.0136 ρT
−3.5
g,keV cm
2 g−1, (30)
but it can vary significantly with the chemical composition of
the accreting material. The opacity due to Compton scatter-
ing is given by κe = 0.34 cm
2 g−1 in the case of non-magnetic
scattering.
The temperature of the accretion flow at the magneto-
sphere is determined by the energy release due to interac-
tion between accretion disc and NS magnetic field. It can be
roughly estimated from the known mass accretion rate and
the NS spin period P (Mushtukov et al. 2017):
T ' 0.3 γa − 1
1 +X
Λ−1L2/737 B
−4/7
12 m
6/7R
−10/7
6
[
1− Ω
ΩK
]2
keV,
(31)
where γa is the adiabatic index, X is the hydrogen mass frac-
tion, Ω = 2pi/P is the angular velocity of the magnetosphere
and ΩK is the Keplerian angular velocity at the magneto-
sphere. At high mass accretion rate (M˙ & 1017 g s−1) the
temperature is high and opacity is dominated by Compton
scattering. Kramers’ opacity can be important at relatively
low mass accretion rates (M˙ . 1017 g s−1), as has been de-
tected e.g. in XRP RX J0440.9+4431, where the dip-like
structure in pulse profile was observed at energies below 8
keV (Tsygankov et al. 2012).
A strong magnetic field results in resonant scattering
of photons, whose energy is close to the local cyclotron
energy E∗cyc ≈ 11.6B∗12 keV ≈ 11.6B12(R/(R + h))3 keV.
The cross-section of resonant Compton scattering exceeds
the non-magnetized scattering cross-section by a few or-
ders of magnitude (Mushtukov et al. 2016). Because the
magnetic field decreases with distance from the NS surface
(B ∝ (R + h)−3 in case of a dipole magnetic field), the
photons with energies below the cyclotron energy at the NS
surface Ecyc can be resonantly scattered at the appropriate
height (Zheleznyakov & Litvinchuk 1986). Resonant scat-
tering leads to a complex beam pattern and, thus, we can
speculate that the relatively complex pulse profiles at low
energies and simple smooth pulse profiles at high energies
of the majority of XRPs are explained by the influence of
resonant scattering at E . Ecyc. It is interesting that XRPs
with relatively low surface magnetic field strength (e.g. GRO
J1744-28, where the surface magnetic field strength was re-
ported to be ∼ 1011 G, see e.g. Doroshenko et al. 2015) show
simple pulse profiles over the entire X-ray energy band.
In order to estimate the influence of scattering in the
accretion envelope we use the opacity of non-magnetized
Compton scattering. The optical thickness due to the scat-
tering can be estimated as (Mushtukov et al. 2017)
τe(λ) ≈ 1.4L
6/7
37 B
2/7
12
β(λ)
(
cosλ0
cosλ
)3
, (32)
where β is local dimensionless velocity of the accretion flow,
λ is the coordinate angle measured from the equator of the
magnetic dipole and λ0 is the coordinate angle, which cor-
responds to the edge of a polar cap at the NS surface.
At the high mass accretion rates relevant to super-
critical accretion (& 1037erg s−1, see e.g. Mushtukov et al.
2015b) the optical thickness of the envelope can be of or-
der unity or even higher. Numerically solving equation (22)
we get the point where photons originating from the ac-
cretion column or NS surface cross the accretion flow at the
magnetosphere surface. Taking into account the local optical
thickness (32), we can estimate the fraction of non-scattered
intensity: I/I0 ≈ e−τe . Then we can roughly estimate the in-
fluence of the envelope on the beam pattern formation (see
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Figure 5. The distribution of radiation power of a point source
(we multiply the power distribution with cosφ∗ in order to get
the part of the power, which affects the dynamics along B-field
lines), which crosses the magnetic axis on the back side of a NS
relative to the column, over the height h above the surface. Dif-
ferent curves correspond to different height of the source above
the surface: H = R (black solid line) and R = 0.5R (red dashed
line). Parameters: R = 2.4rs. The initial beaming of the radiation
is described by equation (17).
Fig. 12). The photons scattered by accretion envelope are re-
distributed over all directions and affect the observed pulse
profile. However, their influence is beyond the scope of this
paper.
The radiation intercepted by the accretion channel can
influence the accretion flow itself. At the heights typical for
accretion columns (H < R), effects of irradiation by the op-
posite column are not significant unless the accretion column
is as high as the NS radius and the NS is extremely com-
pact (see Fig. 5, where the results are given for a NS of small
radius R = 2.4rs). Otherwise, the irradiation will affect the
dynamics of accretion flow well above the shock region in
the accretion column. One can estimate the fraction of the
point source luminosity intercepted by the accretion chan-
nel, which can be as high as 5−15 percent depending on the
location of the source, the initial beaming of the radiation
and the compactness of the NS (see Fig. 6). In case of an
accretion column the influence of the intercepted radiation
depends on the luminosity distribution over height in the
accretion column as well.
4 ON THE CONSTRUCTION OF PULSE
PROFILES
The pulse profiles can be constructed out of the known X-ray
beam pattern (angular distribution of the total X-ray flux in
the reference frame of the NS) and geometry of the rotating
NS in the observer’s reference frame (see Fig. 7) given by:
µ, the angle between line of sight and rotational axis, η, the
angle between rotational axis and B-field axis and δ, the
phase angle, which varies within the interval [0; 2pi] during
the pulse period. The angle ξ between the line of sight and
the magnetic axis (see Fig. 2), which determines the total
photon energy flux detected by distant observer, is totally
∆L
/L
H/R
0
0.05
0.1
0.15
0.2
0 0.5 1 1.5 2
R=2.4rs
R=3.3rs
Figure 6. The fraction of point source luminosity which crosses
the magnetic axis on the opposite side of the NS, as a function
of relative height (H/R) of a source above the surface. Different
curves are given for various NS radii (black lines correspond to
R = 2.4 rs, while red lines correspond to R = 3.3 rs) and ini-
tial beaming of radiation (solid lines correspond to the beaming
caused by photon scattering by fast electrons given by equation
(17), while dashed lines correspond to isotropic intensity at the
walls of the accretion column). Black dashed-dotted line corre-
sponds to the fraction of point source luminosity intercepted by
the accretion channel within 10 NS radii. Grey region on the plot
corresponds to extremely big heights which we consider unlikely.
defined by µ, η and phase angle δ:
cos ξ = sinµ sin η cos δ + cosµ cos η. (33)
One can see that the angle ξ is variable within the range [|µ−
η|, µ+η]. Fixing the angles µ and η and taking various phase
angles δ we can construct the pulse profile for a calculated
beam pattern of XRPs.
Using the known pulse profile one can get the pulsed
fraction (PF):
PF =
Fmax − Fmin
Fmax + Fmin
≤ 1, (34)
where Fmin and Fmax are minimum and maximum X-ray flux
detected within the pulse period. Because the exact beam
pattern might depend on the exact X-ray energy range (Tsy-
gankov et al. 2006), the PF can be different for different
bands.
It is obvious that the PF contains less information about
the XRP than the pulse profile. However, it is sensitive to
the appearance of eclipses and further amplification of the
observed flux from the opposite column due to effects of
gravitational light bending. In that sense, the variations of
PF with luminosity of XRP can be used as a diagnostic tool.
5 DISCUSSION
5.1 Beam patterns of bright X-ray pulsars
The beam pattern of a bright XRP is defined by the direct
flux from the accretion column and the reflected flux from
the NS surface (see Fig. 8). Both of them depend on height of
the accretion column, initial angular flux distribution at the
MNRAS 000, 1–13 (2017)
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Figure 7. The orientation of a NS in the observer’s reference
frame is defined by three angles: the angle between line of sight
and rotational axis µ, the angle between rotational axis and B-
field axis η and phase angle δ.
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Figure 8. Angular distribution of direct and reflected flux. Dif-
ferent curves are given for various relative heights of accretion
column: H = 0.1, 0.5, 1R (dotted, dashed and solid lines, respec-
tively). Parameters: M = 1.4M, R = 10 km.
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Figure 9. The angular distribution of direct (dashed lines) and
reflected (dotted lines) photon energy flux. The total photon en-
ergy flux is shown by solid lines. Black and red lines correspond
to initially beamed (see eq. (17)) and isotropic distributions of
the photon energy flux at the walls of the accretion column. Pa-
rameters: H = 0.5R, rs = 0.42.
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Figure 10. Total angular flux distribution, given by solid lines for
the cases of different compactness of a NS: RSh = 0.42R (black),
RSh = 0.3R (blue), RSh = 0.2R (red). Height of the accretion
column is taken to be H = 0.5R. Dotted and dashed-dotted lines
give distribution of direct and reflected flux respectively.
accretion column walls (see Fig. 9) and NS compactness (see
Fig. 10). In can be seen from these figures, that the direct
flux from the accretion column is not distributed according
to fan beam diagram, and moreover the flux distribution for
a high accretion column is described better by a pencil beam
diagram which is strongly peaked at the direction opposite
to accretion column relative to the NS (see Fig. 9).
It is interesting to note that observational evidence of
a pencil beam from a high accretion column was already
reported by Lutovinov et al. (2015), where the conclusions
were based on the dynamics of a cyclotron line scattering
feature detected in phase-resolved spectroscopy. Depending
on accretion column height and NS compactness, the direct
flux from the accretion column is eclipsed, or strongly am-
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Figure 11. The maximum relative height of the accretion col-
umn which can be entirely eclipsed by NS of a given radius. Dif-
ferent curves are given for different NS mass: 1.1M (red dashed-
dotted), 1.4M (black solid), 1.8M (blue dotted).
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Figure 12. Distribution of non-scattered flux over angle ξ. Differ-
ent curves are given for different mass accretion luminosities (and,
therefore, different optical thickness of the curtain): 1037 erg s−1
(black solid line), 1038 erg s−1 (red dotted line) and 1039 erg s−1
(blue dashed-dotted line). The influence of scattering is stronger
along the magnetic field axis, where the optical thickness of the
accretion flow is higher. One can see that photon scattering in
the accretion curtain may result in dips in the pulse profile if
the mass accretion rate in high enough. Parameters: H = 0.5R,
M = 1.4M, R = 10 km.
plified due to gravitational lensing. High accretion columns,
which are expected at high mass accretion rates (Basko &
Sunyaev 1976; Mushtukov et al. 2015a), can be eclipsed by
NS of sufficiently large radii only (see Fig. 11). Otherwise,
the X-ray flux is strongly amplified in the direction oppo-
site to the column relative to the NS. Therefore, evidence of
eclipses of the accretion column by the NS can give a lower
limit to the NS radius.
However, the direct flux from the accretion column can
be strongly reduced due to scattering by the accretion flow
confined by the magnetic field in the accretion channel (see
Fig. 12). In the case of an axisymmetric accretion flow the in-
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Figure 13. Examples of modeled pulse profiles in (a) low-
luminosity state, (b) intermediate luminosity state and (c) high
luminosity state are shown by black solid lines. The contribu-
tion of flux from the accretion column and reflection from the NS
surface are shown by red dashed and blue dashed-dotted lines cor-
respondingly. At relatively low luminosity the flux is dominated
by reflected signal, while at higher luminosity the contribution of
the direct flux from the column is significant. The eclipses of the
accretion column cause sharp dips in the observed pulse profile.
fluence of the scattering on the final pulse profile is stronger
if the observer looks down at one of the NS magnetic poles.
If the mass accretion rate is high enough (M˙ > 1018 g s−1),
the scattering might result in dips in the observed pulse pro-
file similar to those excepted from the eclipses. In the case of
a non-axisymmetric distribution of plasma on the NS mag-
netosphere, the dips caused by scattering can even appear at
lower mass accretion rates and not necessarily on top of local
maximum of X-ray flux in pulse profile. A detailed analysis
of the dips caused by scattering requires accurate calcula-
tions of the radiative transfer problem and knowledge of the
exact shape of the accretion flow onto the magnetosphere,
which is beyond the scope of this paper.
The X-ray flux reflected from the NS surface forms a
much more isotropic emission pattern than the direct flux
from the accretion column. However, the reflected part of the
beam pattern can be affected by scattering in the accretion
channel as well.
Assuming a model of the beam pattern composed of two
components: direct flux from accretion column and reflected
flux from the NS surface, one can make qualitative predic-
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Figure 14. The variability of X-ray pulse profile with the height
of accretion column. Two pictures are given for different param-
eters of a NS: (a) M = 1.4M, R = 10 km, (b) M = M, R =
10 km. The scattering in the magnetospheric envelope is not taken
into account.
tions about the evolution of the PF over a range of the mass
accretion rates.
At mass accretion rates slightly above the critical value
(Mushtukov et al. 2015b) most of the X-ray flux is inter-
cepted by the NS surface and beam pattern is defined by
reflected component. The higher the mass accretion rate,
the higher the accretion column, the bigger the illuminated
part of NS surface, the smaller the variations of detected
X-ray flux and the smaller the corresponding PF.
At relatively high mass accretion rates the accretion
column is high enough that only a small fraction of the X-
ray flux is intercepted by the NS surface. The X-ray flux from
the column is strongly beamed due to Compton scattering by
relativistic electrons (Lyubarskii & Syunyaev 1988) and due
to gravitational lensing by NS. In this situation the higher
the mass accretion rate, the higher the column, the larger
the direct component of strongly beamed X-ray flux, the
stronger the X-ray flux variability and the higher the PF.
Thus, one would expect a decrease of the PF with lumi-
nosity at relatively low mass accretion rates and a further in-
crease at sufficiently high mass accretion rates. The detailed
dependence of the PF on accretion luminosity is defined by
the exact orientation of the accreting NS in the observer’s
reference frame and the exact beaming of the initial X-ray
flux, which might be different in different energy bands.
5.1.1 Constrains on the NS radius in XRP V 0332+53
If the accretion column is high enough, it can hardly be
eclipsed by the NS (see Fig. 11). The minimal height of a
column which can be eclipsed is defined by mass and radius
of NS. The eclipsing manifests itself by sharp periodic drops
of X-ray flux within pulse profile. If eclipsing is detected in
the pulse profile of a source we can get a lower limit on the
NS radius.
Such sharp drops of X-ray flux were detected in the
super-critical XRP V 0332+53 in its high luminosity state
(see Fig. 15 and also Fig. 2 in Lutovinov et al. 2015). No
signs of strong scattering by matter in accretion channel
were detected (we cannot exclude the possibility of scatter-
ing influence). The appearance of the drops of X-ray flux in
V 0332+53 at high luminosity (L & 2×1038 erg s−1) strongly
affects the pulsed fraction, which is almost constant at rel-
atively low mass accretion rates but then rapidly increases
with the luminosity from PF ∼ 0.05 at L ∼ 2× 1038 erg s−1
up to PF ∼ 0.35 at L ∼ 4× 1038 erg s−1 (see Fig. 16a). 1
This behavior of pulse profile and PF in V 0332+53
is naturally explained by eclipses of the accretion column:
at low luminosity the opposite column is not directly de-
tectable, but at higher luminosity the column is high enough
and becomes visible at some phases of the pulsation. Than
the contribution of the column is larger, it provides the most
X-ray flux at the maximum of the pulse profile, while flux de-
tected at the minimum of the pulse profile (during the phases
of eclipsing, which are shown by grey regions on Fig. 15) is
dominated by reflected component. Because the eclipses are
still detectable at accretion luminosity L ∼ 4×1038 erg s−1,
when the accretion column height is expected to be compa-
rable to the NS radius (see the approximate relation between
column height and luminosity given by equation (3)), we can
get valuable lower limits on the NS radius in V 0332+53
(see Fig. 11). Indeed, the observed pulsed fraction (and dips
in pulse profiles due to eclipses, see model pulse profile on
Fig. 15) can be explained if the angles µ ≈ η ≈ 10◦ (see
Fig. 7), the NS radius is taken to be R ' 3.6rs and the height
of accretion column at maximum luminosity in the outburst
is Hmax ' 0.7R. For the case of NS mass M = 1.4M this
corresponds to NS radius R ∼ 15 km and Hmax ∼ 10 km.
It is interesting that the phase lag between the maxi-
mum in pulse profile and the phase where the centroid of
the cyclotron scattering feature is at its maximum energy
decreases with accretion luminosity and then stabilizes at a
relatively small value at luminosity L ∼ 2×1038 erg s−1 (see
Fig. 16b, Lutovinov et al. 2015). The cyclotron scattering
feature forms at the NS surface due to reflection of the X-ray
flux from the stellar atmosphere (Poutanen et al. 2013) and
varies with accretion luminosity and pulse phase. The maxi-
mum value of cyclotron centroid energy is detected when the
NS magnetic pole is oriented towards the observer, because
in this case the reprocessed flux is dominated by photons
originating from regions close to the magnetic poles, where
the surface B-field is stronger. Under these same conditions
the observer detects maximal X-ray flux, if the accretion
columns are high enough (Lutovinov et al. 2015). Thus, the
1 The PF dependence on accretion luminosity is taken from Tsy-
gankov et al. (2010).
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Figure 15. An example of the pulse profile of V 0332+53 in its
bright state of accretion luminosity L = 3.7 × 1037 erg s−1 (red
line, see e.g. Lutovinov et al. 2015) and theoretical pulse profile
(black line). The X-ray flux at this luminosity is dominated by
direct flux from accretion column, the sharp dips in the theoretical
pulse profile (on top of grey colored phase range) are caused by
eclipsing of the opposite accretion column by NS. The discrepancy
between observed and theoretical pulse profiles at the phase ∼ 0.5
is caused by oversimplified angular distribution of radiation at the
accretion column walls. Parameters: µ = η = 10◦, M = 1.4M,
R = 15 km, H = 9, 3 km.
observed stabilization of the phase lag at a small value is ex-
actly what we expect at high luminosity. This supports our
interpretation of the variations of the PF and pulse profiles
in V 0332+53.
5.2 Pulsating ULXs
The recently discovered pulsating ULXs, whose accretion
luminosity is known to be as high as ∼ 1040 − 1041 erg s−1
(Bachetti 2014; Israel 2017a), are the brightest accreting NSs
known up to date. It very likely that their central engine is
formed by accretion columns confined by a strong magnetic
field (Mushtukov et al. 2015a). However, in case of ULXs
powered by accreting NSs the accretion flow at the NS mag-
netosphere is optically thick and the central engine is hidden
behind it. This explains the smooth pulse profiles of pulsat-
ing ULXs and predicts that the lensing/eclipsing features
are not detectable in this class of accreting NSs.
5.3 Sub-critical X-ray pulsars
At sub-critical mass accretion rates (M˙ . 1017 g s−1, see
e.g Mushtukov et al. 2015b) the influence of radiation pres-
sure is small and the accreting material is stopped either by
Coulomb collisions in NS atmosphere (Zel’dovich & Shakura
1969) or by a collisionless shock (Shapiro & Salpeter 1975).
Our knowledge of plasma physics in a strong magnetic field
is insufficient to decide if a collisionless shock forms or not
(Langer & Rappaport 1982; Arons et al. 1987). However, if
a collisionless shock forms (which is an assumption) then
its height above the NS surface depends on the mass ac-
cretion rate: the lower the mass accretion rate, the higher
the location of the collisionless shock. Numerical simulations
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Figure 16. (a) Dependence of the total pulsed fraction on the
luminosity in the X-ray pulsar V 0332+53 obtained during the
outburst 2004-2005 (circles with the error bars) and the theo-
retical dependence (solid red line) obtained for µ = η = 10◦,
M = 1.4M, R = 15 km. (b) The phase lag between the maxim
flux within the pulse profile and the phase of maximum centroid
energy of the cyclotron scattering feature. It is remarkable that
the rapid increase of PF starts at about the luminosity where the
phase lag between maximum flux in pulse profile and maximum
cyclotron energy stabilizes at a relatively small value.
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Figure 17. Constrains on the NS mass-radius relation (blue lines
correspond to NSs with various equations of states of dense mat-
ter, while red lines correspond to strange stars, see e.g. Lattimer &
Prakash 2001), which can be obtained from eclipsing of accretion
columns of different relative height (H/R): the actual mass and
radius should give a point located below corresponding limiting
line.
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show that the height of the shock can be ∼ 105 cm (Bykov
& Krasil’shchikov 2004). Thus, if collisionless shocks form,
one can expect the appearance of sharp dips due to eclipses
of extended X-ray sources above the NS surface even in low
luminosity (L < 1037 erg s−1) XRPs.
6 SUMMARY
We have constructed a numerical model of radiation beam-
ing from bright (L & 1037 erg s−1) XRPs, where the X-ray
luminosity is generated in an accretion column. The total
photon energy flux detected by a distant observer is com-
posed of the direct X-ray flux from the accretion columns
and the X-ray flux intercepted and reprocessed by the NS
surface. The beam pattern, which defines the variability of
the XRP over the pulse period, is strongly affected by effects
of gravitational light bending, which is taken into account
in this paper assuming Schwarzschild metric.
The detailed pulse profile is influenced by the exact ini-
tial beaming of X-ray flux at the edges of accretion column
and the exact law of X-ray reflection from the NS atmo-
sphere. However, there are a few qualitative aspects which
are not dependent on the exact initial beaming and law of
reflection. The direct flux from the column can be strongly
amplified by gravitational lensing or reduced due to eclips-
ing by the NS in the direction opposite to accretion column.
The exact scenario is determined by the accretion column
height and the compactness of the central object. Eclipsing
of the accretion column by the NS surface results in sharp
dips in the pulse profile (see Fig. 15). Appearance of dips in
the pulse profiles is accompanied by a fast increase of the
PF with luminosity and accretion column height. The X-ray
flux is expected to be dominated by the direct flux from
the accretion column in the luminosity range where the PF
rapidly increases. The NS can eclipse the accretion column
only in the case of a sufficiently large radius. Thus, observa-
tional detection of eclipsing in an XRP based on the pulse
profile and the behavior of the PF at given mass accretion
rate (and therefore given height of accretion column) gives
an opportunity to put a constraint on the NS radius (see
Fig. 17 and Fig. 11):
R & 6
(
1 +
7
6
H
R
)(
M
M
)
km, (35)
where H/R ∈ [0.1, 1] is relative height of accretion column
eclipsed by NS. The relative height at given mass accretion
rate should be provided by the model of the accretion col-
umn.
We have applied our model to the bright XRP
V 0332+53 and reconstructed the observed dependence of
PF on accretion luminosity (see Fig. 16a). According to our
results the rotational and magnetic field axis in this partic-
ular source are slightly inclined to the line of sight (µ ∼ 10◦,
see Fig. 7). If this is a case, the NS in V 0332+53 is a good
candidate to detect the accretion column eclipsing. We spec-
ulate, that the sharp dips detected in the pulse profiles of
V 0332+53 at luminosity L ∼ 3.7× 1038 erg s−1 (Lutovinov
et al. 2015) can be caused by eclipsing. The behavior of the
cyclotron line scattering feature in the phase-resolved spec-
tra (see Fig. 16b) supports our interpretation. If the sharp
dips in the pulse profile are caused by eclipsing of the accre-
tion column, then the NS radius in this particular system
has to be large: ∼ 15 km.
We point out, that the influence of the accretion flow
at the NS magnetosphere can be crucial in the formation
of pulse profiles of bright XRPs. It is likely determined by
Compton scattering, which is resonant for X-ray photons in
the vicinity of a magnetized NS. The resonant scattering
occurs at different heights depending on photon energy and
magnetic field strength and structure. It disturbs the X-ray
pulse profiles at energies below the cyclotron energy at the
NS surface. At the extreme accretion luminosities typical
for pulsating ULXs (& 1040 erg s−1) the accretion envelope
at the magnetosphere is optically thick, which shapes the
pulse profiles of accreting NSs (Mushtukov et al. 2017). In
case of high accretion columns (H ∼ R) above compact NS
(R . 2.5rs), the accretion flow can be influenced by the
X-ray flux from the opposite accretion column.
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